Abstract. The concept of a fuzzy set, introduced by Zadeh, was first applied by Rosenfeld to groups, then by Kuroki to semigroups. In the present paper it is applied to hypersemigroups, and some properties of fuzzy hypersemigroups are discussed.
Introduction
This note is based on the papers by Kuroki [7] [8] and its aim is to show the way we pass from fuzzy semigroups to fuzzy hypersemigroups. We show, among others, that a regular hypersemigroup is left (resp. right) duo if and only if it is fuzzy left (resp. fuzzy right) duo. In a regular hypersemigroup, every bi-ideal is a right (resp. left) ideal if and only if every fuzzy bi-ideal is a fuzzy right (resp. fuzzy left) ideal. In an intra-regular hypersemigroup S for every fuzzy ideal f of S and any a ∈ S there exists u ∈ a • a such that f (a) = f (u). "Conversely" if S is an hypersemigroup such that for every fuzzy ideal f of S, any a ∈ S and any u ∈ a • a, we have f (a) = f (u), then S is intra-regular. If S is a left (resp. right) regular hypersemigroup, then for every fuzzy left (resp. fuzzy right) ideal f of S and any a ∈ S there exists u ∈ a • a such that f (a) = f (u). "Conversely" if S is an hypersemigroup such that for any fuzzy left (resp. fuzzy right) ideal f of S, any a ∈ S and any u ∈ a • a, we have f (a) = f (u), then S is left (resp. right) regular. An hypergroupoid is left (resp. right) simple if and only if it is fuzzy left (resp. fuzzy right) simple and so it is simple if and only if it is fuzzy simple. The simple hypersemigroups are regular and intra-regular. The left (resp. right) simple hypersemigroups are left (resp. right) regular. Finally, in left (resp. right) simple hypersemigroups, every fuzzy bi-ideal is a fuzzy right (resp. fuzzy left) ideal. As a consequence, in a left (resp. right) simple hypersemigroup, every bi-ideal is a right (resp. left) ideal.
If is convenient and no confusion is possible, the singleton {x} can be identified by the element x and write, for short, x * (y • z) = (x • y) * z for all x, y, z ∈ S for the associativity relation, also expressions of the form S * x, x * S * x, a * (x • a) etc.; we will freely use both of them in the present paper.
For any nonempty subsets A, B, C of an hypersemigroup S, we have A * (B * C) = (A * B) * C, that is the operation " * " on P * (S) is associative and so (P * (S), * ) is a semigroup. This important result that allow us to write expressions of the form A 1 * A 2 * .....A n (n natural number) without using parentheses, has been first proved in [5] . Let us give here a very easy proof of this statement: Suppose x ∈ A * (B * C). Then x ∈ a • v for some a ∈ A, v ∈ B * C and v ∈ b • c for some b ∈ B, c ∈ S. Then we have
A nonempty subset A of an hypersemigroup S is called a bi-ideal of S if A * S * A ⊆ A; that is, if u ∈ v • a and v ∈ w • s for some a, w ∈ A, s ∈ S, then u ∈ A. Because of the associativity relation of the operation " * ", this can be also expressed as follows: if u ∈ a•v and v ∈ s • w for some a, w ∈ A, s ∈ S, then u ∈ A.
An hypersemigroup S is called regular if for every a ∈ S there exists x ∈ S such that a ∈ (a • x) * {a}. That is, for every a ∈ S there exist x ∈ S and u ∈ a • x such that a ∈ u • a. This is equivalent to saying that a ∈ a * S * a for every a ∈ S or A ⊆ A * S * A for every nonempty subset A of S. It is called intra-regular if for every a ∈ S there exist x, y ∈ S such that a ∈ (x • a) * (a • y) (= {x} * (a • a) * {y}). That is, for any a ∈ S there exist x, y ∈ S, u ∈ x • a and v ∈ a • y such that a ∈ u • v. This is equivalent to saying that a ∈ S * (a • a) * S for every a ∈ S or A ⊆ S * A * A * S for every nonempty subset A of S. An hypersemigroup S is called left regular if for every a ∈ S there exists x ∈ S such that a ∈ {x} * (a • a). That is, for every a ∈ S there exist x ∈ S and u ∈ a • a such that a ∈ x • u. Equivalently, if a ∈ S * (a • a) for every a ∈ S or A ⊆ S * A * A for any nonempty subset A of S. It is called right regular if for every a ∈ S there exists x ∈ S such that a ∈ (a • a) * {x}. That is, for every a ∈ S there exist x ∈ S and u ∈ a • a such that a ∈ u • x. Equivalently, if a ∈ (a • a) * S for any a ∈ S or A ⊆ A * A * S for any nonempty subset A of S. As (a • x) * {a} = {a} * (x • a), the regularity can be also defined as follows: For every a ∈ S there exist x ∈ S and u ∈ x • a such that a ∈ a • u. Of course, similar arguments for intra-regularity and for left and right regularity also hold.
Following Zadeh, if (S, •) is an hypergroupoid, then every mapping f of S into the real closed interval [0, 1] is called a fuzzy subset of S or a fuzzy set in S. For any nonempty subset A of S, the characteristic function f A is the fuzzy subset of S defined by
A fuzzy subset f of S is called a fuzzy subgroupoid
for every x, y ∈ S, in the sense that if u ∈ x • y, then f (u) ≥ f (x) [2] . By a fuzzy ideal of S we mean an ideal of S which is both a fuzzy left ideal and a fuzzy right ideal of S. An hypergroupoid S is called fuzzy left (resp. fuzzy right) duo if the fuzzy left (resp. right) ideals of S are at the same time fuzzy right (resp. left) ideals of S (that is, ideals of S). A fuzzy subset f of an hypersemigroup S is called a fuzzy bi-ideal of S if f (x•y) * {z} ≥ min{f (x), f (z)} for every x, y, z ∈ S, in the sense that if u ∈ (x•y) * {z}, then f (u) ≥ min{f (x), f (z)}. As (x • y) * {z} = {x} * (y • z), the fuzzy bi-ideal can be also defined by f {x} * (y
One can find some further results related to this subject in [1] [2] [3] [4] [5] [6] .
Fuzzy ideals and regular fuzzy hypersemigroups
Lemma 3.1. Let (S, •) be an hypergroupoid. If A is a left (resp. right) ideal of S, then the characteristic function f A is a fuzzy left (resp. fuzzy right) ideal of S. "Conversely", if A is a nonempty subset of S and f A is a fuzzy left (resp. fuzzy right) ideal of S, then A is a left (resp. right) ideal of S.
By Lemma 3.1, we clearly have the following lemma. Thus we have the following corollary. Proof. Let A be a subgroupoid of S and
For the converse statement, let A be a nonempty subset of S such that f A is a fuzzy subgroupoid of S.
On the other hand, since a, b ∈ A, we have f A (a) = f A (b) = 1, and then f A (u) ≥ 1. Since u ∈ S, we have f A (u) ≤ 1. Thus we have f A (u) = 1, and u ∈ A. Therefore A * A ⊆ A and the proof is complete. Definition 3.6. An hypergroupoid S is called left (resp. right) zero if, for every x, y ∈ S, we have
x ∈ x • y (resp. y ∈ x • y).
Following Kuroki, a fuzzy subset f of an hypergroupoid S is said to be a constant function if, for any a, b ∈ S, we have f (a) = f (b).
Proposition 3.7. If an hypergroupoid S is left (resp. right) zero, then every fuzzy left (resp. fuzzy right) ideal f of S is a constant function.
Proof. Let S be left zero, f a fuzzy left ideal of S and a, b ∈ S. Since S is left zero, for every x, y ∈ S, we have x ∈ x • y. So, for the elements a, b of S, we have a ∈ a • b and
Let now S be right zero, f a fuzzy right ideal of S and a, b ∈ S.
is a fuzzy left (resp. fuzzy right) duo hypergroupoid, then it is left (resp. right) duo.
Proof. Let A be a left ideal of S. Then, by Lemma 3.1, the characteristic function f A is a fuzzy left ideal of S. By assumption, f A is a fuzzy right ideal of S as well. Since A is a nonempty set and f A is a fuzzy right ideal of S, again by Lemma 3.1, A is a right ideal of S and so S is left duo. For fuzzy right duo hypergroupoids the proof is analogous.
Proposition 3.9. Let (S, •) be a regular hypersemigroup. If S is left (resp. right) duo, then it is fuzzy left (resp. fuzzy right) duo.
Proof. Let S be left duo and f be a fuzzy left ideal of S. Then f is a fuzzy right ideal of S, that is f (x • y) ≥ f (x) for every x, y ∈ S. Indeed: Let x, y ∈ S and u ∈ x • y. Since S is regular, we have x • y ⊆ (x * S * x) * {y} ⊆ (S * x) * S. Since S * x is a left ideal of S, by hypothesis, it is a right ideal of S as well and so (S * x) * S ⊆ S * x, hence x • y ⊆ S * x and u ∈ S * x. Then there exists v ∈ S such that u ∈ v • x. Since f is a fuzzy left ideal of S, we have f (v • x) ≥ f (x) and, since u ∈ v • x, we have f (u) ≥ f (x). Thus f is a fuzzy right ideal of S and f is fuzzy left duo.
Let now S be right duo, f a fuzzy right ideal of S, x, y ∈ S and u ∈ x • y. Since S is regular, we have x • y ⊆ x * (y * S * y) ⊆ S * (y * S) ⊆ y * S. Then u ∈ y • s for some s ∈ S, f (y • s) ≥ f (y) and f (u) ≥ f (y). Thus f is a fuzzy left ideal of S.
By Propositions 3.8 and 3.9, we have the following theorem. Theorem 3.10. Let S be a regular hypersemigroup. Then we have the following:
(1) S is left duo if and only if it is fuzzy left duo.
(2) S is right duo if and only if it is fuzzy right duo.
As a consequence, a regular hypersemigroup is duo if and only if it is fuzzy duo.
Lemma 3.11. Let (S, •) be an hypersemigroup. If A is a bi-ideal of S, then the characteristic function f A is a fuzzy bi-ideal of S. "Conversely", if A is a nonempty subset of S such that f A is a fuzzy bi-ideal of S, then A is a bi-ideal of S.
Proof. =⇒. Let A be a bi-ideal of S and x, y, z ∈ S. Then
In fact: Let u ∈ (x•y) * z. If x ∈ A and z ∈ A, then f A (x) = f A (z) = 1, min{f A (x), f A (z)} = 1 and u ∈ A * S * A ⊆ A, so u ∈ A and f A (u) = 1. Thus we have f A (u) = 1 ≥ min{f A (x), f A (z)} and property (1) is satisfied. If x / ∈ A or z / ∈ A, then f A (x) = 0 or f A (z) = 0, so min{f A (x), f A (z)} = 0. Since u ∈ S, we have f A (u) ≥ 0, then f A (u) = 0 ≥ min{f A (x), f A (z)} and again property (1) holds.
⇐=. Let A be a nonempty subset of S and f A be a fuzzy bi-ideal of S. Then A is a bi-ideal of S, that is A * S * A ⊆ A. Indeed: Let x ∈ A * S * A. Then x ∈ u • a for some u ∈ A * S, a ∈ A and u ∈ v • s for some v ∈ A, s ∈ S. Then we have x ∈ u • a ⊆ (v • s) * a. Since f A is a fuzzy bi-ideal of S, we have
Hence we obtain A * S * A ⊆ A and the proof is complete.
Proposition 3.12. Let S be an hypersemigroup in which the fuzzy bi-ideals are fuzzy right (resp. fuzzy left) ideals. Then every bi-ideal of S is a right (resp. left) ideal of S.
Proof. Assuming the fuzzy bi-ideals of S are fuzzy right ideals, let A be a bi-ideal of S. By Lemma 3.11, the characteristic function f A is a fuzzy bi-ideal of S. By the assumption, f A is a fuzzy right ideal of S. Since A is a nonempty set and f A is a fuzzy right ideal of S, by Lemma 3.1, A is a right ideal of S. The other case can be proved similarly. Proposition 3.13. Let (S, •) be a regular hypersemigroup in which every bi-ideal is a right (resp. left) ideal. Then every fuzzy bi-ideal of S is a fuzzy right (resp. fuzzy left) ideal of S.
Proof. Assuming the bi-ideals are right ideals, let f be a fuzzy bi-ideal of S and x, y ∈ S. Then f (x • y) ≥ f (x). In fact: Let u ∈ x • y. Since S is regular, we have
The set x * S * x is a bi-ideal of S. This is because (x * S * x) * S * (x * S * x) ⊆ x * S * x. By the assumption, x * S * x is a right ideal of S, that is (x * S * x) * S ⊆ x * S * x. Then we have u ∈ (x * S) * x, so u ∈ v • x for some v ∈ x * S and v ∈ x • w for some w ∈ S.
Thus f is a fuzzy right ideal of S.
Suppose now that every bi-ideal of S is a left ideal of S and let f be a fuzzy bi-ideal of S, x, y ∈ S and u ∈ x•y. Then x•y ⊆ {x} * (y * S * y) ⊆ S * (y * S * y) ⊆ y * S * y and so u ∈ y•v for some v ∈ S * y and v ∈ w • y for some w ∈ S. Thus we have u ∈ y * (w • y) = (y • w) * y. Since f is a fuzzy bi-ideal of S, we have f (y • w) * y ≥ min{f (y), f (y)} = f (y) and, since u ∈ (y • w) * y, we have f (u) ≥ f (y). Thus f is a fuzzy left ideal of S and the proof is complete.
Combining Propositions 3.12 and 3.13 we have the following theorem.
Theorem 3.14. Let S be a regular hypersemigroup. Then we have the following:
(1) Every bi-ideal of S is a right ideal of S if and only if every fuzzy bi-ideal of S is a fuzzy right ideal of S.
(2) Every bi-ideal of S is a left ideal of S if and only if every fuzzy bi-ideal of S is a fuzzy left ideal of S.
As a consequence, in a regular hypersemigroup every bi-ideal is an ideal if and only if every fuzzy bi-ideal is a fuzzy ideal.
On intra-regular and left regular fuzzy hypersemigroups
Kuroki characterized the intra-regular semigroup as a semigroup S such that f (a) = f (a 2 ) for every fuzzy ideal f of S and every a ∈ S [8; Theorem 4.1] . He also characterized the left (right) regular semigroup as a semigroup S such that f (a) = f (a 2 ) for every fuzzy left (right) ideal f and any a ∈ S [8; Theorems 5.1 and 5.2] . In this section we examine these results in case of hypersemigroups.
Denote by I(u) the ideal of S generated by the element u of S and by L(u) the left ideal of S generated by u. For an hypersemigroup S and any u ∈ S, we have
Every left regular and every right regular hypersemigroup is intra-regular. In fact, if S is left regular then, for any nonempty subset A of S, we have A ⊆ S * A * A, then we have A ⊆ S * (S * A * A) * A ⊆ S * A * A * S, and so S is intra-regular. In a similar way the right regular hypersemigroups are intra-regular. Theorem 4.1. Let (S, •) be an hypersemigroup. If S is intra-regular then, for every fuzzy ideal f of S and every a ∈ S, we have f (a) = f (a • a) in the sense that there exists u ∈ a • a such that f (a) = f (u). "Conversely", if for any fuzzy ideal f of S and any a ∈ S we have f (a) =f (a • a) in the sense that for each u ∈ a • a, f (a) = f (u), then S is intra-regular.
Proof. Let S be intra-regular, f a fuzzy ideal of S and a ∈ S. Since S is intra-regular, there exist x, y ∈ S such that a ∈ x * (a • a) * {y}. Then a ∈ v • y for some v ∈ x * (a • a) and v ∈ x • u for some u ∈ a • a. Since f is a fuzzy right ideal of S, we have
Besides, from the fact that f is a left (or right) ideal of S, we have f (a • a) ≥ f (a) and since u ∈ a • a, we have f (u) ≥ f (a). Thus we have f (a) = f (u).
For the "converse" statement, let a ∈ S. Take an element u ∈ a • a (a • a = ∅). Since I(u) is an ideal of S, by Lemma 3.2, the characteristic function f I(u) is a fuzzy ideal of S. By hypothesis, we have f I(u) (a) =f I(u) (a • a) and, since u ∈ a • a, we have f I(u) (a) = f I(u) (u). Since u ∈ I(u), we have f I(u) (u) = 1. Then we f I(u) (a) = 1, and then
If a = u, then a ∈ {a} * {a} ⊆ {a} * {a} * {a} * {a} ⊆ S * (a • a) * S. If a ∈ S * u, then a ∈ S * {a} * {a} ⊆ S * S * {a} * {a} * {a} ⊆ S * {a} * {a} * S = S * (a • a) * S.
The case a ∈ u * S is similar. If a ∈ S * u * S, then a ∈ S * (a • a) * S. In any case, we have a ∈ S * (a • a) * S and so S is intra-regular. Theorem 4.2. Let (S, •) be an hypersemigroup. If S is left regular, then for every fuzzy left ideal f of S and every a ∈ S, we have f (a) = f (a • a) in the sense that there exists u ∈ a • a such that f (a) = f (u). "Conversely" if, for any fuzzy left ideal f of S and any a ∈ S we have f (a) =f (a • a) in the sense that if u ∈ a • a, then f (a) = f (u), then S is left regular.
Proof. Let S be left regular, f a fuzzy left ideal of S and a ∈ S. Since S is left regular, there exists x ∈ S such that a ∈ x * (a • a). Then there exists u ∈ a • a such that a ∈ x • u. Since f is a fuzzy left ideal of S, we have f (x • u) ≥ f (u) and, since a ∈ x • u, we have f (a) ≥ f (u). Again since f is a fuzzy left ideal of S, we have f (a • a) ≥ f (a) and, since u ∈ a • a, we have f (u) ≥ f (a). Thus we have f (a) = f (u).
For the "converse" statement, let a ∈ S. Take an element u ∈ a • a (a
, and a ∈ L(u) = u ∪ S * u. If a = u, then a ∈ {a} * {a} ⊆ {a} * {a} * {a} ⊆ S * (a • a), so a ∈ S * (a • a). If a ∈ S * u, then again a ∈ S * (a • a). In any case, a ∈ S * (a • a) holds and so S is left regular.
In a similar way we can prove the following theorem. Theorem 4.3. Let S be an hypersemigroup. If S is right regular, then for every fuzzy right ideal f of S and every a ∈ S, we have f (a) = f (a • a) in the sense that there exists u ∈ a • a such that f (a) = f (u). "Conversely" if, for any fuzzy right ideal f of S and any a ∈ S we have f (a) =f (a • a) in the sense that if u ∈ a • a, then f (a) = f (u), then S is right regular.
On left simple hypergroupoids
An hypergroupoid (S, •) is called left (resp. right) simple if S is the only left (resp. right) ideal of S, that is if M is a left (resp. right) ideal of S, then M = S. An hypergroupoid is called simple if it is both left and right simple.
Proof. Let f be a fuzzy left ideal of S and x, y, z ∈ S. Since x • y is a nonempty subset of S, by Proposition 5.8(1), we have f (x • y) * z ≥ f (z) ≥ min{f (x), f (z)}. Thus f is a fuzzy bi-ideal of S. If f is a fuzzy right ideal of S and x, y, z ∈ S then, by Proposition 5.8(2), we have
and so f is a fuzzy bi-ideal of S.
Let now S be left simple, f be a fuzzy bi-ideal of S and a, b
thus f is a fuzzy right ideal of S.
Finally, let S be right simple, f be a fuzzy bi-ideal of S and a, b
thus f is a fuzzy left ideal of S.
Remark 5.11. Proposition 5.7 can be also obtained as a corollary to Proposition 5.10. In fact: If A is a left ideal of S then, by Lemma 3.1, f A is a fuzzy left ideal of S, by Proposition 5.10, f A is a fuzzy bi-ideal of S and, by Lemma 3.11, A is a bi-ideal of S. If S is left simple and A a bi-ideal of S, then f A is a fuzzy bi-ideal of S then, by Proposition 5.10, f A is a fuzzy right ideal of S and so A is a right ideal of S.
By Proposition 5.10, we have the following theorem.
Theorem 5.12. In hypersemigroups, the fuzzy ideals are fuzzy bi-ideals and in simple hypersemigroups, the fuzzy ideals and the fuzzy bi-ideals coincide.
Theorem 5.13. Let S be an hypersemigroup that is both right (resp. left) regular and left (resp. right) simple. Then, for any fuzzy bi-ideal f of S and any a ∈ S, we have f (a) = f (a • a) in the sense that there exists u ∈ a • a such that f (a) = f (u).
Proof. Let S be right regular and left simple, f be a fuzzy bi-ideal of S and a ∈ S. Since S is left simple, by Proposition 5.10, f is a fuzzy right ideal of S. Since S is right regular and f is a fuzzy right ideal of S, by Theorem 4.3, we have f (a) = f (a • a). For left regular and right simple hypersemigroups the proof is analogous.
Problem 1.
A semigroup S is called completely regular if for every a ∈ S there exists x ∈ S such that a = axa and ax = xa [9] . The completely regular semigroups are regular, left regular and right regular. In addition, a semigroup S is completely regular if and only if, for every a ∈ S, there exists x ∈ S such that a ∈ a 2 xa 2 [9; IV.1.2 Proposition]. The concept of completely regular semigroups can be naturally transferred to hypersemigroups as follows: An hypersemigroup S is called completely regular if for any a ∈ S there exists x ∈ S such that a ∈ (a • x) * a and a • x = x • a. Kuroki has shown that a semigroup S is
